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Abstract
Let G be a graph on vertex set V D fv1; v2; : : : ; vng : Let di be the degree of vi , let Ni be
the set of neighbours of vi and let jSj be the number of vertices of S  V: In this note, we
prove that
max

di C dj − jNi \ Nj j V 1 6 i < j 6 n
}
is an upper bound for the largest eigenvalue of the Laplacian matrix of G: For any G; this
bound does not exceed the order of G: © 2000 Elsevier Science Inc. All rights reserved.
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Let G D .V ;E/ be a graph on vertex set V D fv1; v2; : : : ; vng : For v 2 V , the
degree of v; the set of neighbours of v and the average of the degrees of the vertices
adjacent to v are denoted by dv; Nv and mv , respectively. Let A .G/ be the adjacency
matrix of G and let D .G/ be the diagonal matrix of vertex degrees: The Laplacian
matrix of G is L .G/ D D .G/ − A .G/ : Clearly, L .G/ is a real symmetric matrix.
From this fact and Geršgorin’s theorem, it follows that its eigenvalues are nonneg-
ative real numbers. Moreover, since its rows sum to 0; 0 is the smallest eigenvalue
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of L .G/ : In [1, Theorem 1, p. 143], it is proved that if  is an eigenvalue of L .G/,
then  6 n and that the multiplicity of 0 equals the number of components of G:
Throughout this note let 1 > 2 >    n−1 > n D0 be the eigenvalues of L .G/.
We recall some known upper bounds for 1.
1: Anderson and Morley’s bound [1]:
1 6 max fdu C dv V uv 2 Eg : (1)
2: Li and Zhang’s bound [2]: If d1 > d2 > d3 >    > dn are the degrees of the ver-
tices of G (here, we are not assuming that di is the degree of vi ), then
1 6 2 C
p
.d1 C d2 − 2/ .d1 C d3 − 2/: (2)
3: Another Li and Zhang’s bound [2]: If r is the right-hand side of .1/, if xy 2 E is
such that dx C dy D r and if s D max fdu C dv V uv 2 E − fxygg, then
1 6 2 C
p
.r − 2/ .s − 2/: (3)
4: Merris’s bound [3]:
1 6 max fdu C mu V u 2 V g : (4)
5: A new Li and Zhang’s bound [4]:
1 6 max

du .du C mu/ C dv .dv C mv/
du C dv V uv 2 E

: (5)
Unfortunately, sometimes some of these bounds can give trivial results, that is,
results which are greater than n as we see in the following example.
Example 1. Let G1 D .V1; E1/ with V1 D f1; 2; 3; 4; 5; 6; 7; 8g and
E1 Dff1; 2g; f7; 8g; f1; 4g; f1; 7g; f2; 3g; f3; 4g; f4; 5g; f4; 7g; f5; 6g;
f6; 7g; f3; 7g; f4; 8gg
and let G2 D .V2; E2/ with V2 D V1 and
E2 Dff1; 2g; f7; 8g; f1; 4g; f1; 7g; f2; 3g; f3; 4g; f4; 5g; f4; 7g; f5; 6g;
f5; 7g; f6; 7g; f3; 7g; f4; 8gg:
For these graphs, 1 .G1/ D 6:30 and 1 .G2/ D 7:10 rounded to two decimal places
and the above mentioned bounds give the following results:
.1/ .2/ .3/ .4/ .5/
G1 10 8:93 8:93 8:00 8:00
G2 11 9:94 9:94 9:00 8:73
Our goal is to find an upper bound for 1 which is expected not to exceed the
order of the graph G: From now on and for simplicity of notation, di denotes the
degree of vi : Let e be the all ones n-dimensional column vector. Then, L .G/ e D 0:
We define the matrix M .G/ D (mij  D L .G/ C eeT: Then
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mii D di C 1; mij D 0 if vivj 2 E and mij D 1 otherwise (6)
and M .G/ is a nonnegative matrix.
Lemma 2. If G is a connected graph of order n; then the spectrum of M .G/ is
fn−1; n−2; : : : ; 1; ng ;
the spectral radius of M .G/ is  .M .G// D n and e is a right eigenvector for the
eigenvalue  .M .G//.
Proof. Since G is a connected graph, the multiplicity of n D 0; as eigenvalue
of L .G/ ; is one. This implies that n−1 > 0: Let  =D 0 be an eigenvalue of L .G/.
There is a nonzero vector w such that L .G/ w D w: Then 0 D eTL .G/ w D eTw:
Since  =D 0; it follows that eTw D 0: Hence, M .G/ wDL .G/ w C eeTwDL .G/ w
D w: We have proved that n−1; n−2; : : : ; 1 are eigenvalues of M .G/. Finally,
M .G/ e D L .G/ e C eeTe D eeTe D eTee D ne: This finishes the proof. 
If B is a nonnegative matrix, then by the Perron–Frobenius theorem, B has an
eigenvalue equal to its spectral radius  .B/. Special attention has been devoted to
find upper bounds for the second largest modulus  .B/ of the eigenvalues of B: We
recall the result [5, p. 295].
Lemma 3. If B D (bij  > 0 has a positive right eigenvector w corresponding to
 .B/; then
 .B/ 6 1
2
max
16i;j6n
nX
kD1
wk
bikwi −
bjk
wj
 : (7)
Now, we apply Lemmas 2 and 3 to obtain the following upper bound for 1:
Theorem 4. If G is a graph on vertex set V D fv1; v2; : : : ; vng ; then
1 6 max

di C dj − jNi \ Nj j V 1 6 i < j 6 n
}
; (8)
where di denotes the degree of vi and jNi \ Nj j is the number of common neighbours
of vi and vj : This upper bound for 1 does not exceed n:
Proof. We can assume that G is a connected graph. From Lemma 2, e is a positive
right eigenvector corresponding to  .M .G// D n and 1 D  .M .G// : Then, from
Lemma 3,
1 6
1
2
max
16i;j6n
nX
kD1
jmik − mjkj
D 1
2
max
16i<j6n
nX
kD1
jmik − mjkj:
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In order to find the explicit form of this upper bound for 1; we recall that the entries
of M .G/ are given by .6/ : For vivj 2 E;
nX
kD1
jmik − mjkj D .mii − 0/ C
(
mjj − 0
 C X
k =Di;j
jmik − mjkj
D di C 1 C dj C 1 C jNi − Nj j − 1 C jNj − Ni j − 1
D di C dj C jNi − Nj j C jNj − Ni j
D di C dj C di C dj − 2jNi \ Nj j:
For vivj =2 E;
nX
kD1
jmik − mjkj D .mii − 1/ C
(
mjj − 1
 C X
k =Di;j
jmik − mjkj
D di C dj C jNi − Nj j C jNj − Ni j
D di C dj C di C dj − 2jNi \ Nj j:
Therefore,
1 6 max

di C dj − jNi \ Nj j V 1 6 i < j 6 n
}
:
Finally, for each i and j;
di C dj − jNi \ Nj j D jNi j C jNj j − jNi \ Nj j
D jNi [ Nj j 6 n:
This proves that the bound given by .8/ does not exceed n: 
Remark 5. Since di C dj − jNi \ Nj j D n if and only if Ni [ Nj D V; the upper
bound given in .8/ is equal to n if and only if there exist vertices vi and vj ; i =D j;
such that Ni [ Nj D V:
Example 6. For the graphs considered in Example 1, the use of .8/ gives 1 .G1/ 6
7 and 1 .G2/ 6 8; which are better than the bounds obtained by the use of (1)–(5).
It is clear that .1/ is never better than .8/ : However, although .8/ gives always a
nontrivial upper bound for 1; .8/ is not always better than (2)–(5). For instance, for
the graph G3 D .V3; E3/ ; V3 D f1; 2; 3; 4; 5; 6; 7; 8g and
E3 D ff1; 2g; f2; 3g; f3; 4g; f4; 6g; f5; 6g; f6; 7g; f6; 8gg;
the use of (3), (4) and (5) gives 1 .G3/ 6 5:46; 1 .G3/ 6 5:25 and 1 .G3/ 6 5:20;
respectively, while the use .8/ gives 1 .G3/ 6 6:
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